Cuculutu Homework

Nguyén Gia Phong
Summer 2019

12 Vectors and the Geometry of Space

12.1 Three-Dimenstional Coordinate Systems

37. The region consisting of all points between the spheres of radius r and
R centered at origin:

<4yt + 2 <R (r < R)

12.2 Vectors

38. The gravitational force enacting the chain whose tension 7" at each end
has magnitude 25 N and angle 37° to the horizontal is

P = 2projp T = 27'sin 37°P ~ 30P

Therefore the weight of the chain is approximately 30 N.
47. Given ] 4 <.CEO, Yo, Zo>.
Let r = (x,y, 2),

r—ro| =1 < (x—aco)2+(y—yo)2+(z—zo)2:1

Thus the set of all points (x,y,z) is an unit sphere whose center is
(0, Yo, 20)-

12.3 The Dot Product

25. Given a triangle with vertices P(1, -3, —2), Q(2,0,—4), R(6,—2,—5).
Since ﬁ) : Cﬁ% =1-443(-2)+ (-2)(—1) =0, PQR is a right triangle.



26. Given u = (2,1, —1) and v = (1, z,0).

u-v 2+«x 1
— = 0845 = —— = —
ul - v NACED R

— 202+ 8 +8=622+6
— 422 —8r—-2=0

= lej:\/g

27. Find a unit vector that is orthogonal to both i+ j and 1+ k.
A vector that is orthogonal to both of these vectors:

A~ ~

i+j)x(i+k)=ixi+ixk+jxi+jxk=0-j—k+i=i—j—k
1 .
Normalize the result we get the unit vector — (i—j —k) which is or-

V3
thogonal to both i+ j and i+ k.
28. Find two unit vectors that make an angle of 60° with v = (3,4).
Let u = (z,y) be an unit vector, |u| = \/22 + % = 1. u makes with v an
angle of 60° if and only if

u-v o 3r+4y 1 B

Since 22 + 12 =1, u = <0.3 +0.4v3,04F 0.3\/§>.
53. Given a point P; (x1,;) and a line d : ax + by + ¢ = 0.
Let P (xg,yo) be aipoint satisfying axo + byo + ¢ = 0, distance (d, P)

is component of u = PP, = (x1 — zo,y1 — o) along the normal of the line
n = (a,b):

~ |n-q _ la (z1 — z0) + b (y1 — yo)| _ lax1 + by; + |

comp,,n =
PR VRN VRN
3(=2)+ (-4)3+5] 13

— distance (3z — 4y +5=0,(-2,3)) =

3+ (—4)? 5

12.4 The Cross Product
18. Given a = (1,0,1), b= (2,1, —1) and ¢ = (0, 1, 3).

(axb)xc=(-1,3,1) x (0,1,3) = (8,3, —-1)
—ax(bxc)#(axb)xc

{a x (b x ¢) = (1,0,1) x (4, —6,2) = (6,2, —6)



38. Given A(1,3,2), B(3,—1,6), C(5,2,0) and D(3,6, —4).

AB - (@ x ﬂi) = (2,-4,4) - ((4,—1,-2) x (2,3,-6))

= (2, —4,4) - (12,20, 14)
— 24 — 80 + 56
=0

Thus 1@ , 1@ and E are coplanar, which means A, B, C' and D are
coplanar.
39. The magnitude of the torque about P:

7 = r x
=|—rx —F]
= |r| - |F| - sin (70° + 10°)
= 0.18 - 60 - sin 80°
~ 10.6 (N -m)

14 Partial Derivatives

14.2 Limits et Continuity

Determine the set of points at which the function is continuous.

1+ 2?4+ y?

e (31)

F' is a rational function, hence it is continuous on its domain

DF:{(x,y)€R2‘x2+y25£1}

et + e¥
e — 1

H{(z,y) (32)

Since H is a ratio of sums of exponential functions, it is continuous on its
domain

Dy = {(z,y) e R*|zy # 0}

55 it (ay) £ 0,0)
f(x’y){1 " () = 0,0) 7



On R?\(0,0), because 222 + y? > 32?|y| (AM-GM inequality)

y2

3

CL‘2y3 $2y3

222 + 12

322yl

Since 0 — 0 and y*> — 0 as (z,y) — (0,0), by applying the Squeeze
Theorem, |f(z,y)| = 0 as (z,y) — (0,0).

It is trivial on R?\(0,0) that —|f(z,y)| < f(x,y) < |f(z,y)|. Thus by
again applying the Squeeze Theorem, we get

lim f(2,y) = 0 # 1= /(0.0)

y—0

Therefore, the rational function f is only continuous on R?\ (0, 0).

14.3 Partial Derivatives

29. Find the first partial derivatives of the function
F(z,y) :/ cos (e') dt
y
= /1’ 1 dsin (et)

y €
e’ 1
= / —dsint
eY t
e* t
_ / cost
ey 13

x

oo e t2n—1
:Z/ey (—1)”(2n)!dt

n=0

" > (_t)Zn N
" +;2n(2n)! ,

:x_Hz(—em)"—(—ey)"

- 2n(2n)!
or 20 (e S (e . .
or 2 on(2n)l ;) Qn) % (—€”) = cos (e7)
oF = —2n (—e¥)™" X (_er)2 )
o T T Ay ) S e



48. Use implicit differentiation to find 0z/0x and 0z/0y.

-yt -2 =4

2x+2z%—2%:o 9z _ «
ox ox . ox 1—2

Loy 0.2 997 9= _ _y
Y dy oy oy z—1

65&67. Find the indicated partial derivative.

? 2 02

TYyz" _ 2 _axyz?
828y0x6 sz)yyz c
= %xyz‘le”:yzz
= 22220 e (65)
3 2
%em sinf = % (re’"g sin @ + e cos 6)
r r
=5 (7’967’9 sin f + e cos 0)
-
= 0% (rsinf + cosh) (67)

53. Find all the second partial derivatives of the function f(z,y) = x3y° +
2zy.
First partial derivatives of f:
fo = 32%y° + 82y
f, = bx*y* + 22

Second partial derivatives:

fow = 6xy5 + 24x2y
foy = fyz = 15x2y4 + 823
foy = 20x3y3

80. Given u = exp (Y., a;x;), where > 1" a? = 1.

=1 "

n n n
T
dx? x; ’

i=1 =1 i=1




14.4 Tangent Planes

Find an equation of the tangent plane to the given suface at the specified
point.

z=3y* — 227 + 1, (2,-1,-3) (1)

%(2, —1)(z —2) + 2—2(2, —D(y +1)
—z2+4+3=((z,y) »1—42) (2,-1)(z —2) + ((z,y) — 6y) (2,—-1)(y + 1)
e 243 =178z —6y—6

<~ 8r+6y+z2=38

z+3 =

z=3(x—1)>+2(y+3)° +7, (2,-2,12) (2)
z—12= %(2, —2)(z —2) + g—;(z, —2)(y +2)

= 2z—12=6r—-124+4y +8
< 0b6r+4y—2+8=0

c= VA, (LL1) 3)
z—1= 6—;(1, Dx—1)+ g—;(l, D(y—1)

= emt= (@ o L) e =0+ () \/%) (1,1 - 1)

= 2z2—-2=x—-14y—-1
< r+y—2:=0

14.5 The Chain Rule
4. Use the Chain Rule to find dz/d¢.

Y _
z = arctan =, r=e, y=1—¢"

T



a0 ar 0:
dt Oz dt oy dt
~ Oarctan(y/z) de* N darctan(y/x) d(1—e™")

Ox dt y dt
_ a? (8(y/x) et i+ I(y/x) et)
y? + a2 ox oy
x? — 1
R (x_get - Eet)
ze b — yet
T
B 1—e+1
ek pe2 2t 41
o2 _ o3t

et 4 e2t —2el +1
9&11. Use the Chain Rule to find 0z/ds and 9z /0t.

2z = sin 6 cos ¢, 0 = st?, ¢ = st (9)

0z 0200 0209
9s  000s 0605
0z 0200 0z0¢
ot " o0ot T op 0t

t? cos 0 cos ¢ — 2st sin @ sin ¢

= 25t cosf cos ¢ — t*sinfsin ¢

e" cos 0, r = st, 0 =+vs2+t2 (11)
%—%%+%@—e%cosﬁ—ersin0—s = ¢ tcos@——ssme
0s  Ords 000s V22 V2 + 12
9z _ e | scosf — _tsinb
8t - ‘/82+t2



13. Suppose f is a differentiable function of ¢(t) and h(t), satisfying

9(3) =2
dg
f
99 —(2,7) =6
h(3) =7
dh
8h(2 7)= -8
df of dg of dh
L6 = S0 - o)+ o606 - T )
af 3f
89(2 ,7) - 5—1—%(2 7)-(—4)
— 65+ (—8)(—4)
= 62
14. Let W(s,t) = F(u(s,t),v(s,t)), where F, u and v are differentiable, and
u(1,0) =2
us(1,0) = =2
w(1,0) = 6
Fu(2,3) = —1
v(1,0) =3
vs(1,0) = 5
v (1,0) =4
F(2,3) = 10
Wy(1,0) = F,(u(1,0),v(1,0))us(1,0) + F,(u(1,0),v(1,0))vs(1,0)
= F,(2,3)(~2) + F,(2,3) -5
— (=1)(=2)+10-5
=22

Wi(1,0) = Fy(u(1,0), v(1,0))us(1,0) + Fy(u(1,0), v(1,0))vy(1,0)
= F.(2,3) -6+ F,(2,3) - 4



17. Assume all functions are differentiable, write out the Chain Rule.

u= f(x(ra S, t), y('f’, S5 t))

(Ou_0uds  udy
or  OdxOdr Oyor

Ou  OJudzxr  Oudy

or 9w 0s oy os

Ou_ouon  oudy
LOr Oz dt Oy Ot
23. Use the Chain Rule to find dw/0r and 0w/00 when r = 2 and 6 = 7 /2,

given

w=zy+yz+ zw, x =rcosb, Yy = 7rsind, z=r6

(Ou _owos  ouwdy  owd:
or  OdxOr Oyor 0z 0r
ow  Ow O_x ow @ ow 0z

(90 " 9200 " oyo0 " 9200

(0w =(y+2)cosf+ (x+ z)sinh + (y + x)0
— or
ow
|55 = —(y + 2)rsinf + (x + z)rcosf + (y + x)r

For (r,0) = (2,7/2)

( Ow byt )7r
— =x+z T)—
or Y 2
ow

\%:21’—22

( Ow T T .om T\ T
—:2COS——|—2——|—2<sm——|—COS—>—
or 2 2 2 2/ 2
ow _ T T

N

ow ow 5

—_— = ——— = 4T

or 00

27. Find dy/dz.

ycosw =1° +y° = dy _ _%(ﬁ—i—yz—ycosx) _ ysinz 4 20
dz a% (22 +y? —ycosz)  cosT — 2y

9



31. Find 0z/0x and 0z/0y.

az_ L (2? + 2y + 322 — -1)

9 ZL(x224+22+322-1) 3z
27 +37 =1 = ‘3;( / )

0z _ 6—y(x + 242 +32—1) 2y

Or  Z(a2+22+3:2-1) 3z

36. Wheat production W in a given year depends on the average temperature
T and the annual rainfall R. At current production levels, OW /9T = —2 and
OW/OR = 8. Estimate the current rate of change of wheat production, given
d7T'/dt = 0.15 and dR/dt = —0.1.

AW _owar o dr
dt 9T dt  OR dt
40. Use Ohm’s Law, V' = IR, to find how the current [ is changing at the

moment when R = 400Q, I = 0.08 A, dV/dt = 0.01 V/s, and dR/dt =
0.030/s.

= (—=1)0.15 + 8(~0.1) = —0.95

dI _9(V/R)dV | 9(V/R)dR

dt ~— 9V dt OR dt

1 1%
= —(—0.01) — —:0.03
7(=0.01) — &

-0.01 0.031

400 R
-1 0.03-0.08

40000 400

31

= —— (A/t
rooo000 /")

— —31(uA/Y)

42. The rate of change of production:

dP B 8(1_47L0.65K0.35) dL N 8(1.47L0'65K0'35) dK

KO\ 085 1 06
= 0.9555 (f) (—2) +0.5145 (?) -0.5

g\ 0% 30\ 063
=—-1911 | — 25725 | —
9 (30> +0.25725 ( 3 )

~ —0.595832 million dollars
= —595832 dollars

10



47. Given z = f(z — y).

0z 0z  dz Ox—y) dz Ox—y)  dz B
8$+8y_d(:v—y) Ox +d(x—y) dy _d(:zc—y)(1 1)=0

14.6 Directional Derivatives and the Gradient Vector

5. Find the directional derivative of f(z,y) = ye™™ at (0,4) in the direction
indicated by the angle 6§ = 27/3.
Unit vector direction indicated by the angle 6 = 2F is u = (—1/2,1/3/2).

Duf(07 4) = Vf(o? 4) -u

_ /9 (ye™) 3 (ye™) -1 43
_< Ox (0,4), oy (0’4)>.<7’7>

7. Find the rate of change of f(x,y) = sin(2z + 3y) at P(—6,4) in the
direction of the vector u = 1(v/31 — j).

Duf(—6,4) = Vf(—6,4) - u
_ <8sin(2x+3y)(_674>7 6sin(2x+3y)(_674)> . <£ —_1>

Ox dy 27 2
— (208(2(—6) + 3 4), 3 cos(2(—6) + 3 - 4)) - <\/7g ‘71>

3
— 3_5

11



11. Find the directional derivative of f(z,y) = e”siny at point (0,7/3) in
the direction of the vector v = (—6,8)

™ V[ (O,E) Y
conp, 71 (0.5) = LG8

= (FG05) A5 0D) e

SEHRER

2 33

) 10
17. Find the directional derivative of h(r,s,t) = In(3r + 6s + 9¢) at point
(1,1,1) in the direction of the vector v = (4,12, 6).
VF(1,1,1) v

[v]

/3 6 9 263
“\34+6+9'3+6+9"3+6+9 T

111 26 3
:<a’§’§>'<?’?7?>
23
~ 1

21&25. Find the maximum rate of change of f at the given point and the
direction in which it occurs.

faw) = ap/s (@) o)
v a0 = | (2, 28T )
-1
V6
f(x,y,2) = /22 +y> + 22, (3,6,—2) (25)

3 6 —2
< V324 62+ (=2)2 /32 + 62 + (—2)2 /32 + 62 + (—2)2 >‘

=1

12



29. Find all points at which the direction of fastest change of the function
flr,y) =2 +y* — 22 — 4y isi+].

The rate of change at point (a,b) is maximum in direction 1 + j if and
only if V f(a, b) has the same direction:

Viab) x (i+§)=0 < ((20—2)i+ (2y—4)j) x i+]) =0

— 2x—-y+1)k=0
— r—-—y+1=0
Thus the points satisfying given the requirement is the line whose equa-

tionisz —y+1=0.
32. The temperature at a point (x,y, z) is given by

T(x,y,z) = 200e~% 34" ~9*
The rate of change of temperature at the point P(2,—1,2) in direction u
is

D.f(2,-1,2) = Vf(2,-1,2) -u

00
= ((az,y,z) — m(x,3y,92>> (2,-1,2)-u

—400
oz (& 3(=1),9-2) -u

B <—800 1200 —7200> u

e43 ’ e43 ’ e43

For u = (1/v6,-2/v/6,1/1/6), the rate of change is

—800 4006 = —1200v/6  —10400
43 \/6+ e43 + e43 o 43 \/6

Temperature increases the fastest at the same direction as V f(2, —1,2)

(a)

u— < -2 3 —18 > (b)
~ \V/3377 /337 /337
In this direction, the rate of increase is
400v/ 337
IVf(2,-1,2)| = —B (c)

41. Find equations of the tangent plane and the normal line to the surface
F(z,y,2) =2(x —2)*+ (y — 1)*> + (2 — 3)> = 10 at (3, 3,5).

13



Equation of the tangent plane:

F,(3,3,5)(x —3) + F,(3,3,5)(y — 3) + F»(3,3,5) (2 —5) =0
— 43-2)(z—-3)+2B3—-1)(y—3)+2(5—-3)(2—5)=0
<~ rx+y+z=11

Equation of the normal line:

xr—3 y—3 z—>5
= = << r—-3=y—3=2-5
F.(3,3,5)  F,(3,3,5) F.(3,3,5) o :
51. Given an ellipsoid
2 yQ 2
E(xyz2)=—=+=+—==1

Its tangent plane at the point (o, yo, 20) has the equation of

Ey (20, Y0, 20)(x — x0) + Ey(x0, Y0, 20) (¥ — Yo) + E=(20, Y0, 20)(2 — 20) =0

)
2 22
(2= 0) + S5 (4 = 90) + S (z = 20) = 0

21’0

a

2exo  2yyo 2220 2af 2y 225
e N

2xxy  2yyo 222
a? b2 * Eh :

TLo  YYo | =20

et tae !

56. Consider an ellipsoid 3z% + 2y® + 22 = 9 and the sphere 22 + y? + 22 —
8xr — 6y — 82424 = 0. A point in their intersection must satisfy the following

equation
22y 42 —8x — 6y — 82+ 24 =9 — 327 — 2% — 2*
42 —8rx+4+3y* — 6y +3+22°-82+8=0
=4z -1 +3y—-1)2+2(2-2)*=0

p— :1
z =2

Thus the intersection is a subset of {(1, 1,2)}. Since P(1, 1, 2) lies on both
the ellipsoid and the sphere, it is the one and only intersection point of the
two. Therefore, they are tangent to each other at P.

14



14.7 Minimum and Maximum Values

1. Suppose (1, 1) is a critical point of a function f with continuous second
derivatives.

foo(L,1) fay(1,1)
fya(1,1) fyy(1,1)
fee(1,1)=4>0

=4-2—-12=7>0

= f(1,1) is a local minumum (a)

f:cac(lal) .f$y(]-71)‘ 2
=4-2-3"=-1<0
Jua(1,1) [y (1,1)

—> (1,1) is a saddle point of f (b)
7&13&:15. Find the local maximum and minimum values and saddle points

of the function and graph the function.
For the next few exercises, D is defined as

_ faal@,y)  fay(@,y)
Dia,y) = foe(@y)  fyy(z,y)
fla,y) = (x —y)(1 —ay) =2y* — 2y + 2 —y (7)
fo=f=0 = ¢y —2ry+1=22y—2>—-1=0
= =y =21y —1

<= r=y==+1
As f;m: - _297 fyy = 2z and f;ry = fy;t = 2y—21‘, D(l’,y) = —4l‘y—(2y—
27)% thus D(1,1) = D(=1,—1) = —4 < 0. Therefore (+1,41) are saddle
points of f.

YAV




f(z,y) = e cosy (13)
Since f, = f, =0 <= e cosy = —e®siny = 0 has no solution, f does
not have any local minumum or maximum value.

fla,y) = (a* +y?)er (15)

fo=Ffy=0
= (2 + (27 + 1) (—20)) = e " (2 + (2 + y*)2y) = 0
=ttt —r=2"y+y  +y=0
= P+ - D —y) =2+ +y=0
= (z,y) € {(=1,0),(0,0),(1,0)}
Second derivatives of f
foe = (42 + 42%y* — 1027 — 29 + 2)6?’2_”32
fay = fpo = —Azy(@® + y*)e’ "
foy = (42%9% 4 4y* + 22° 4+ 10y% + 2)e¥"
From these we can calculate D(0,0) =4 > 0 and D(%1,0) = —16/¢? < 0

and thus conclude that f(0,0) = 0 is the only local minimum value of f.
29&34. Find the absolute maximum and minimum values of f on the set D.

f=a+y* =22,  D={(x,y)|x =0z + [yl <2} (29)
The critical points of f occur when
fo=f=0 <<= 20 -2=2y=0 < (z,y) = (1,0)

The value of f at the only critical point (1,0) is f(1,0) = 0.
y

16



On Lo, we have x = 0 and

fle,y)=f0,9) =", 2<y<2 = 0< f(z,y) <4
On Ly, we have 0 <y =z — 2 < 2 and thus

flz,y) = flz,0—2) =22 — 62 +4 =0 < f(z,y) < 24
On Ly, we have 0 <y =2 — x < 2 and thus

flx,y)=f(z,2—1)=22"—62+4 = 0< f(z,y) <4

Therefore, on the boundary, the minimum value of f is 0 and the maxi-
mum is 24.

flr,y)=zy*, D={(v,y)|z>0,y>0,2"+y* <3} (34)

The critical points of f occur when

fx:fy:() — y2=2xy:O < y:O

y
3%
—C
Lo
2 — 14
14
[E— ; ——> X
—1 1 2 3
_1 il

The critical points of f are on L; and its values there are 0. On Lg, the
value of f(x,y) is also always 0.

On C, > =3—22and 0 <z < /3, hence 0 < f(x,y) = 3z — 2 < 2.

Thus, on the boundary, the minimum value of f is 0 and the maximum
is 2.

17



41. Find all the points P(a, b, c) on the cone 2? = 2% + y? that are closest to
the point Q(4,2,0).
Coordinates of P satisfy ¢ = v/a? + b?, thus

PQ*=(a—4*+(b—-22+a*+1?
= 2a* — 8a + 2b° — 4b + 20
=2(a—2)*+2(b-1)*+10< 10

Therefore the closest point to () on the cone is (2, 1, j:\/g) The minumum
distance is v/10.
49. Find the dimensions (z,y, z) of a rectangular box of maximum volume
such that the sum of the lengths of its 12 edges is a constant ¢ = 4(z+y+ z).
By AM-GM inequality, the volume of the box is

x+y+z>2_ 16¢2

V=ayr < il
xyz_( 3 9

Equality occurs when z =y = z = ¢/12.

14.8 Lagrange Multipliers

1. It is estimated that the minumum of f is 30 and the maximum value is
60.

5&8&13.. Use Lagrange multipliers to find the maximum and minimum
values of the function subject to the given function.

2
T 2

f(l’,y):y2—$2, Z""y

Viry) =A@ y) = 54y [(-20.2) = A (5, 20)
2 1y?=1 2

For x = 0, A\ =1and y = +1; for y = 0, A = —4 and x = £2.
Thus the minumum value of f is f(4+1,0) = —1 and the maximum value is
£(0,42) = 4.

18



flo,y,2) =22 +y* +22, sdyt+z=12 (8)

Vi@ y,2) =A@y, 2) moty+z) [ (2222) = AL 1L1)
r+y+z=12 r+y+z=12

o>~

<~
{x+y+z:12

r=y=z2=4
<~
A=38

Since f(4,4,4) =48 < f(12,0,0) = 144, absolute minumum value of the
function subject to z +y + 2z = 12 is f(4,4,4) = 48.

flx,y,z,t) = +y+z+t, 22+ +224+12=1 (13)

Vf(z,y,z,t) = AV((z,y,2,t) = 2>+ y* + 22 + 1?)
(1,1,1,1) = A (22, 2y, 22, 2t)

1

1
A=1

f(=0.5,—-0.5,—-0.5,—0.5) = —2is the minumum value of f and f(0.5,0.5,0.5,0.5) =
4 is the maximum value.

19



15. Find the extreme values of f(x,y,2) = 2z + y subject toz +y+2 =1
and y* + 22 = 4.
Extreme values of f occur when
Sz+y+z=1
((2,1,0) = A(1,1,1) + (0, 2y, 22)
— Jr+y+z=1

(A =1

_ 1
H= R

< =1

y==+v2
(2 =FV2

Thus the minumum value of f on the given constraints is f(1, —v/2) =
2 — /2 and the maximum value is f(1,v/2) = 2+ /2.
21. Find the extreme values of f(z,y) = e ™ on 2% +4y? < 1.

Critical points of f occur when f, = f, =0 <= x =y = 0, the value
of f thereis e® = 1.

On the boundary z? + 4y? = 1 the minimum and maximum values can
be determined using the Lagrange Method:

(—ye v, —we ) = A (2a,8y)  __ JTE\G
4yt =1 £l
Y (TS 5

Thus on the boundary the minumum value of f is e /4 = {*/m and the
maximum value is {/e. These are also the absolute extreme values of f in the
ellipse.

37. Given function f on R?

flz, 2, ... 2p) =

n
[«
i=1

By Lagrange Method, its extreme values subject to > | x; = ¢ satisfy

1-2/n 1-2/n
Vf:AVZ;Z:lﬂfl <$1n ,...,wln >f:)\<x1,:(;2,...,a:n>
n
Lt = C Z:'L:l Ty =2¢
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Tl =Ty =...=Tp C
— n — 1 =T2=...=Tp = —
{Zi1 Tiy==¢C n
Atxy =29 = ... =1, =c¢/n, f(x1,29,...,2,) = ¢/n. As ¢/n > 0 =
f(c,0,...,0), ¢/n is the maximum value of f on the given constraint.
48. By AM-GM inequality, as Y ", zi => "  y? =1,

=11

;%%S;—x 2y =1

with equality when Y | (z; — v;)* = 0.

Problem Plus

1. A rectangle with length L and width W is cut into four smaller rectangles
by two lines parallel to the sides.

Let z,y be two nonnegative numbers satisfying z < L and y < W. The
sum of the squares of the areas of the smaller rectangles would then be

[l y) =2y + 22 (W —y)* + (L — 2)*y° + (L — 2)2(W — y)?
=@+ (L —2)*)y° + (W —y)?)

By AM-GM inequality, f(z,y) > 4x(L — x)y(W — y) with the equality
flz,y)=L*W?/4ifandonlyif r=L—x=L/2and y=W —y =y/2.
On the other hand,

0<z<L . 2¢(L—x)>0 L? > 2%+ (L — x)*
0<y<WwW 2y(W —y) >0 W2 >y + (W —y)?
= f(z,y) < L’W?

with equality when (z,y) € {(0,0), (0,W), (L, W), (L,0)}.
3. A long piece of galvanized sheet metal with width w is to be bent into a
symmetric form with three straight sides to make a rain gutter.

Cross-section area, with 0 <z < w/2 and 0 < § < max (arccos 2‘”2;1”,#)

A(x,0) = (w — 2z + x cosf)x sin O

= wrsinf — z? <2 sin @ — 8111220>
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First derivatives:
in 26
A, =wsinf — 2x (QSinﬁ—Sln2 )

Ay = wx cos — (2 cos § — cos 20)

Critical points occur when

wsinf = 2x (2 sin § — 8111226)

A, =A=0
wx cos ) = x%(2cosf — cos 20)

0
—C
3| — Lo
—
L
2 Ls
1 1
02 04 06 "

For z = 0 (along Ls), it is obvious that the area is 0. For = # 0,

w cos O

(*) — = Zcosf—cos20 . .
wsin (2 cos O — cos 20) = w cos H(4 sin § — sin 26)
_wcosfh
= Jcosf—cos 20

2cosf — cos20 = cos (4 — 2 cos )

__ __ wcosf
~ 2cosf—cos20

II

II

—cos20 =2cosfh — 2cos? 0

_ wcosf
2 cos —cos 20

= 2cos0

II

wlﬂ w|g

At this point, A(z,0) = w?/4v/3.
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Along C, A (z,arccos 22) = 1\/w(4x — —2x)? € [0, v ]

Along Ly, A(w/2,0) = ?sm(ﬁ —20) € [0, w2/8]

Along L; and L3, A(z,0) = A(z,0) = A(z, ) =0.

In conclusion, the maximum cross-section is ; f at (x,0) = (w/3,7/3).
4. For what values of r is the function

(x+y+2)

P2 L a2 1 2 0,0,0
f(‘r7y7z): $2+y2—}-z2 Y5 )#(7 ) )

0 if (z,y,2) = (0,0,0)

continuous on R3?

Along y = 2 =0, as x — 0, f( 0, ) 2 — oo (or the limit might
not exist at all) for r < 2 and f ( ,0) =1 for r = 2. Therefore for r < 2, f
is discontinuous at (0,0, 0).

It is not difficult to show that for r > 2, f is continuous. For every positive
number ¢, let § = (¢/3")Y/? =2 then from

0<+v(2—02+(@y—02+(2—-02<$
<:>0<\/952+y2+z2<(%)m
37" 2 2 2\r
— 0< (@ 4y +2) <e
$2+y2+22

and
(x+y+z)2 §3(x2—|—y2+22) <~ |lr+y+z" §3’"(x2+y2+22)r

we get
v +y + 2|
Thus by definition, for r > 2, f(z,y,2) — 0 as (z,y,2) — (0,0,0), hence
f is continuous on R3.
5. Suppose f is a differentiable function of one variable. Show that all tangent
planes to the surface z = x f(y/x) intersect in a common point.
Let t = y/x,

0< <e <= |f(x,y,2) = 0| <e

0z oft) df d(y/x)
%—f(t)erw—f(t)ﬂL?UE—ax

9= _ Of(t) _ dfdly/e) _df

=ft) -ty

dy dy T oy dt
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Equation of the tangent plane to the given surface at P(a,b,af(b/a)) is

b\ b b df (b df (b
o (0) =0 (@) 2w @) emg (o
b df (b b
=) ()
a dt \a a
b b df (b df (b B
= () - FE)a ()=
Since the equation is homogenous, the tangent plane always goes through

origin O(0, 0, 0).

15 Multiple Integrals

15.1 Double Integrals over Rectangles

1. Use a Riemann sum with m = 3 and n = 2 to estimate the volume

of the solid that lies below the surface z = zy and above the rectangle
R =10,6] x [0,4].
Take the sample point to be the upper right corner of each square,

3 2
Va) ) ij-4=288 (a)
i=1 j=1

Take the sample point to be the center of each square,

(20 — 1)(2j — 1)4 = 144 (b)

3 2
=1

sz

=1 3

13. Evaluate the double integral by first identifying it as the volume of a

solid.
/ / (4—-2y)dA=0
[-2,2]x[1,6]

15.2 Integrated Integrals
Calculate the integrated integrals.

4 g2 4
/ / (62 — 27) dy dx = / (1227 — 4z) do = 222 (3)
1 Jo 1
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3 /2 3
/ / (y + % cos x) dxdy:/ y>dy =0 (7)
—3Jo _

3 3

/2
// sin(x —y)dA = / (cosy —siny)dy =0 (15)
(0,7/2]2 0

7y’ L 3
//[071]><[—3,3] $2+1dA:/0 x2+1dx-/_3y2dy
1 (Y de [y37°
25/0 T+1 {3}_3
=9In(z + 1]
= 9In? (17)

3 2
// ye "MdA = / / ye  drdy
[0,2]x[0,3] 0 Jo

= /03(1 —e ) dy
e

2 0
1 5
2

(21)

x? y2) / ! (92 ) 166
1—— -2 ) dA = =) de = — 27
//[—1,1}x[—2,2] ( 49 1\ 27 27 (27)

4
4
// (16 — 2*) dA = / (80 — 52%) dw = 640 (30)
[04]x[0,5] 0 3

40. Fubini’s and Clairaut’s theorems are similar in the way that for con-
tinuous functions, order of variables are interchangeable in integration and
differentiation. By the Fundamental Theorem and these two theorems, if
f(z,y) is continuous on [a, b] X [c,d] and

g(z,y) = /a:v /Cyg(s,t) dt ds

for a < x <band ¢ <y <d, then g,y = gyu = f(x,7).
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15.3 Double Integrals over GGeneral Regions

Evaluate the iterated integral.

Lopst ! sins®]' sinl
/ / Coss3dtd3:/ 82C0883d8:|: } = (5)
o Jo 0 3 o 3
/ / a:dydx:/ xsinzdr = [sinz —xcoszx]j =7 9)
o Jo 0
2 py+2 2 3 472 9
// ydxdy—/ Qu+y - )dy=|P+L L1 =2 (15)
-1 3 4|1, 4

2
/ / (2x —y dydx—/ daxv4d —ax2de =0 (21)
—2J—V4— :)32 -2

2 7—3y 2 9y3
/ / rydrdy = / (— — 21y + 24y) dy
1 Ji 1 2

9y 2
= {i — Ty + 12y2]
8 1
31

(25)
Inx In2
/ fa:ydyd:c—/ /fxyda:dy (47)
S get” e ed —1
//3y dxdy—// e’ dydx— ?] =%
(49)
15.4 Double Integrals in Polar Coordinates
Evaluate the given integral.
3m/2 4
/ / f(rcos@,rsin@)rdrdd (1)
0 0
w/2 P2 w/4 ]
/ / (2cosf — sin §)r? drd@z/ —(2cosf —sinf) do
w/4 JO /2 3
i [2sin 6 + cos 6]”2
— 42 (8)
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w/2 2 w/2 1 _—4
/ /Te_’”erdez/ 1-¢ dé
—r/2J0 —7/2 2
1—e?
11
) (1)

=T

[ 7 e [

rr/:W(mmdx

=3(2-V?) (25)

T 3 9 :
/ / rsinr?drdf = / e dx
o Jo 0 2

9
’/TCOSQ?:|
-2 |,

- g(l — cos9) (29)

40. We define the improper integral (over the entire plane R?)

I= // exp(—2? —3?)dA
R2
:/ / exp(—a2* — y?) dz dy

= lim // exp(—2? — y?)dA
a—r 00 o

where D, is the disk with radius a and center the origin.
By changing to polar coordinates,

2m a
I = lim / exp(—a®)ada dd
o Jo

a—r 00
= lim —mexp(—a®)d — a?
a—0o0
0
—a?
= —7 lim e’ db
a—r o0 0

2
. —a
= —7 lim eb}
a—ro0 O

=7 lim (1 — exp(—a?))

a—o0

= (a)
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As exp(—a? — y?) is continuous on R?,

/OO exp(—2?) dz /Oo exp(—y?)dy = =7 (b)

—00 —0o0

Thus [*°_exp(—2?)dz = VI = /7 and [_exp(—2?/2)dz = V2.

15.5 Applications of Double Integrals
2. The total charge on the disk is

Vi—z? 2 pl 7”3 1
// \/x2+y2dydx:/ /rzdrd9:27r— = —
1/ o Jo 3 3

Vi—a? 0

Find the mass and center of mass of the lamina that occupies the regions D
and has the given density function p.

D=[13]x L4  plz,y) = ky® (3)

m = /dx /ky dy = 42k
21k 4k
//xy dydx— xdx—8—22
m m
85
—//ydydx——/ydy— =5

D={(z,y)| —1<2<1,0<y<1-2%},  plz,y)=ky (7)

1 pl—a? Lot Sk
m:/ / kydydx:—/(1:4—2x2+1)d$:—
-1J0 2 -1 15

1 pl—a? 1
1
:ﬁ// mydydmz—g)/(x5—2x3—l—m)dx:0
mJ_1Jo 8 /.
oo ) ] [l 4
= — dyde = — 1—2%)%de = =
i) s [0

&I
||

<
||

K

N
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D={@y|ocy<sn™ o<t}

L  psin(rz/L) L .2 L
m:/ ydyd$:/ wdx:{———sin—
0o Jo 0 2

o /L /Sil’l(ﬂ'w/L) ﬂ dyd$ _ /L 2 Sin2(7T.Z'/L) dx _ £
L psin(rz/L) , 2 L 4i 3 L 16
g:/ / y—dydx:/ de:_
o Jo m 0 3L T

D={(z,y)|0<2<1,0<y<VI—a%}, p(z,y) =ky

1 pv1—22 w/2 1 k
m:/ / k;ydydx:/ Sin9d9~/ kr?dr = =
o Jo 0 0 3

1 V1—z2 w/2 1 3
xz/ / Bxydydxz/ Cosé’sinQdﬁ-/ 3r3dr = =
0o Jo 0 0 8

3

1 V1—z2 w/2 1
y:/ / 3y2dyd$:/ sin29d0-/ 3r3dr = —
o Jo 0 0 16

15.6 Swurface area

Find the area of the surface.
3. The part of the plane 3x + 2y + z = 6 that lies in the first octant.

2 r3—1.5zx Oz 2 Oz 2
A:// 1—|—(—) —l—(—)ddx
o Jo \/ ox oy Y
2

3—1.5z
= / \/ﬂdy dx
0o Jo

:/02<3—§x>\/ﬁdx

2

32214
o]
= 3V14

29
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9. The part of the surface z = xy that lies within the cylinder 22 + y? = 1.
2
// \/1+ Oy (@) dA
dy
2
= / / 1+ r2drdé
o Jo

:7r/1\/1—|—tdt
o (1—t)3]1

3
0

= (o

12. The part of the sphere 22 + % 4 2? = 4z that lies inside the paraboloid
z = 2% + y?, in which it has the equation z = 2 + /4 — 22 — 2.

A //\/1+ 2+¢T_y)) <§y(z+m))2@m

= — dA
//z)\/4—w2—y2d
27 \/3 4
:/ / r 2d?"d@
\/ 4 —r
—27?/ \/ dt

= —A4r 4
=4r

15.7 Triple Integrals

Evaluate the integral.

1 3 2
2
///xyz2dydzdx://3mz dzdm—/ Edm—— (1)
o Jo Ja
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[ [ i [ [ v
Lo

3 T T+y 27
/// ydzdydx—//Zy dydx—/ —dx—— 9)
0 0 T—yY

// /smydzdydx—// rsiny dy dx

—/ (x +xcosy)dx

0

7TQ

=5 -2 (12)

3x 9y 3;109
// / zdzdydx—//
o Jo Jo

0 JO

Lo —
_/ x — 923 A
0 2

-2 (18)

2 420 422y
// / dzdydx—// (4 —2x —y)dydz
o Jo 0 o Jo

2
_ / (4 —2x)? e
0 2

I
W|EN

16
= — 19
. (19)
Vi—x2 4—z Va—z?

/ / / dydzdx—/ / (5 —2)dzdx
-2 Va—x2

:/ 10v4 — 22 dx

=207 (22)
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15.8 Triple Integrals in Cylindrical Coordinates
1. Change from cylindrical coordinates to rectangular coordinates.
() (4.5,-2) - (2,23, -2)

(b) (2,55,1) = (0,-2,1)

3. Change from rectangular coordinates to cylindrical coordinates.
() (-1,1,1) = (V2,%F.1)
(b) (_27 2\/§a 3) (47 29?-7 3)

7. In cylindrical coordinates (r,0,z), z = 4 — r? is the paraboloid z = 4 —
2% — y? in Cartesian coordinates.
15&17&21. Evaluate the integral.

/2 2 pr? 2
/ / / rdzdrd@zﬂ/ r3dr = 4m (15)
—r/2Jo Jo 0

4

o pd 4 3
/// \/m2+y2dV:/ / / r*dzdrdf = 187 —] = 3847w (17)
E o Jo Js 3 Jo

o 2 pl
///:UQdV:/ // r3cos® @ drdz db
E /2
27
:/ CoS 9d9// r3drdz
/2
B 9+sm90089 / 1_24 d
e 2 |, Jo \a"61)

=5 (21)
16 Vector Calculus
16.2 Line Integrals
Evaluate the integral.
/2 ddcost\” d4sint)?
/_F/24cost(4sint)4\/< ” ) + ( & ) dt
= 4096 / W//z sin*t dsint = 4096 / 1 whdw = % (3)
—m/2 —1
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2
d
/ (*y® — V) dy = / (t" — t)—t dt
{@yenax2)ly=va} 1

dt
53],
8 2],
243
_ = 5
2 (5)
2 3 1 0
/(x+x)dx+/(x+6—2x)dx+/(2y)2dy+/(3—$)2dy
0 2 0 1
7 4 19 5
_4 _ - - =
T3 T3 T3 "
0 4 2 3
/x2dx+/ :1:de+/ y? dy + dy
2 0 0 2
4 3 23714 373
[P y2dy:_] +—] 13 (®)
2 0 3 2 3 0
1 1
/(11y7i+3t6j)d(11t4i+t3j):/ (11y"i + 3t%) - (44£°1 + 3t%5) dt
0 0
1
- / (484t"° + 9¢%) dt
0
= [44t'1 + ],
= 45 (19)
1 R R
/ (sin t*1 + cos t*] + t'k) d(¢*1 + %] + tk)
0
1 1 1
—/ sinxdx—i—/ cosydy+/ 2tdz
0 0 0
6 .
:g—cosl—sml (21)
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2w
(t —sint)d(t —sint) 4+ (3 — cost) d(1 — cost)

2w
((t —sint)(1 — cost) + (3 — cost)sint)dt

27
(t —tcost+ 2sint)dt

I
o— S —

2

—tsint—3cost} = 272
0

I
| — |
o N

2m .TL’Q o y2
2/ (4+ ) V/(—10sint)2 4 (10 cos t)2 dt
; 100

2w
:/ (800 + (10 cost)* — (10sint)?) dt
0

2w
= 100/ (8 4 cos2t)dt
0

2T
= 167
0

_ {St B sin 2t

16.3 The Fundamental Theorem for Line Integrals

Evaluate the integrals.

/ (%14 9%) - (=i + 22%)
c

=(f £(2,8) — f(~1,2)) ((w,y) — xsgyg) — 513

/ (zy*1+ 2%yj) - dr
C

~ (= 12 - 10.1) () » T ) =2

34
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16.4 Green’s Theorem

Evaluate the integrals.

/(y—l—e >dx+(2x—|—cosy =
c

27 3
:3/ / rdrdo
0 2
3

/(ycosx—xysina:) dz + (zy + zcosx) dy
c

—// (y+cosa:—xsinx—cosa:+xsina:)dA
D

2 4—-2x 1
=— / / ydydr = 16
o Jo -3
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/ (exp —x + y*) dz + (exp —y + 2°) dy
c

w/2 cosx
=— / / (2x — 2y) dy dz
—n/2J0
/2 T
:—/ / (2z cosz — cos® x) dz = 5 (12)
—/2

/01 /leﬁf —@)dydz = /0 <(1 R x) =g 00

0
/ ydx—i—/ ydx:/(l—cost)d(t—sint)+0
cycloid segment 2

0
3 2t
:/ (——200st+cos )dt
or \ 2 2

sin 225] 0

3t
= {3 — 2sint + =3r (19)

2w

16.5 Curl and Divergence

19. Since the divergence of curl of G is 1 # 0, there does not exist a vector
field G satisfying the given condition.

16.6 Parametric Surfaces and Their Areas

19. One parametric representation for the surface x + y + 2z = 0 is r(u,v) =
(u,v, —u —v).

23. One parametric representation for the sphere 2% + y? + 22 = 4 above the
cone y/22 + y? is r(u,v) = (2 cosucosv, 2 cosusin v, 2sin u).

39. The plane intersects with Ox at A(2,0,0), with Oy at B(0, 3,0) and with
Oz at C(0,0,6). The area of the triangle ABC' is |AB x AC|/2 = 3\/14.

42. Surface of the cone /22 + y2:

I () + (i) = f oo

For the part lying between y = z and y = 22, the area is

/Ol/xjﬁdydxzﬁ/ol(x—ﬁ)dng
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43. Area of the surface:

Lot 4—32/2 123
/ / V1+z+ydydr = \/_—i— V3
o Jo 15 5

45. Area of z = zy within 22 +¢? = 1:

ol 2
// \/1+x2—|—y2dA:/ / \/1+r2rdrd9:7r/ ﬂdtz%(@—l)
D o Jo 1

49. Area of the surface with given parametric equation r(u, v) = (u?, uv, v?/2)
within 0 <wu<land 0 <wv <2:

2 1 2 /9
// \ruxrv|dA:/ /(2u2+v2)dudv:/ (—+v2) dv =4
D o Jo 0o \3

16.7 Surface Integrals

Evaluate the surface integrals.

//x—l—y—i—zdS // (du+ v +1)V14ddv du
:/o (4u—|— )\/_du

= 11V14 (5)

2 3
/ 2 y(1 + 22+ 3y)V1+4+9 dxdy—/ (27y2+%y)\/ﬁdy
0 Jo

=171V14 (9)

1 1
/ / Tyl +yz) + zxk) (i +0j — 2a:k) X (Oi +J]— 2yk) dy dx
0

/ / 7+ 2y%2 + 22 y) dy dz

el

o Jo
:/ / (z +2yH) (4 — 2* — ¢?) + 22%y) dy dw
o Jo
1l
:// (4r — 2® — 2y® + 8y — 22%y* — 2y + 22%y) dy dw
o Jo
8 2% 2
= dr—2* -S4+ - - 4 a2?)d
; (x z? —1—3 3 5+x> x
1 1 2 2 1 713
:2 — _ 4 - - - — _ = — 23
1 6+3 9 53 180 (23)



17 Second-Order Linear Equations

17.1 Homogeneous Linear Equations
Solve the differential equation.

y' —y —6y =0 (1)

The auxiliary equation is r> —r — 6 = 0 whose roots are r = —2,3.
Therefore, the general solution of the given differential equation is

C
Yy = % + C2€3$
(&
y"+16y =0 (3)

The auxiliary equation is 724 16 = 0 whose roots are r = 4-4i. Therefore,
the general solution of the given differential equation is

Yy = c1 cos4x + cosindx

9" — 12y +4y =0 (5)

The auxiliary equation is 972 — 12r +4 = 0 whose roots are r; = ry = 2/3.
Therefore, the general solution of the given differential equation is

y = (c1 + cox)e®™/?

2 =y (7)
The auxiliary equation is 2r? = r whose roots are r = 0, 1/2. Therefore,
the general solution of the given differential equation is y = ¢; + cov/ €.

y' =6y +8y=0, y0)=2,  y'(0)=2 (17)

The auxiliary equation is 7> — 67 + 8 = 0 whose roots are r = 2,4.
Therefore, the general solution of the given differential equation is

Y = 1% + e’ =y = 2¢1€*" + dcpe™®
Since y(0) = y'(0) = 2,

=20 Ao =2 < (0,0)=(3,-1) < y=36> — ¥
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9" +12y' +4y =0, y(0)=1, ¥(0)=0 (19)

The auxiliary equation is 972412r+4 = 0 whose roots are r; = ry = —2/3.
Therefore, the general solution of the given differential equation is

c1 + cox ,  Cco—2cx/3 —2c1/3
T o2ls y = o27/3

As y(0) =1, ¢ =1 and as ¢'(0) =0, co = 2/3, thus

2z
= (1 i —2z/3
(%)

17.2 Nonhomogeneous Linear Equations

Solve the differential equation.

y" — 2y — 3y = cos 2w (1)

The auxiliary equation of ¢ — 2y’ — 3y = 0 is r? — 2r — 3 = 0 with roots
r = —1,3. So the solution of the complementary equation is

Yo = — + 2™
ex

Since G(z) = cos 2z is cosine function, we seek a particular solution of the
form y, = Asin 2z + B cos 2z. Then y, = 2A cos 2r — 2B sin 2z and y, = —4y
so, substituting into the given differential equation, we have

(4A —T7B)cos2z — (TA + 4B) sin 2z = cos 2z

4

1A-TB =1 A==

<~

TA+4B =0 g’

65
Thus the general solution of the given differential equation is
N c1 N 3x+4sin2x 7cos 2
= c = -_— Co€ J—
Y=leTh =™ 65 65
! 1
Yy + 9y = GE (3)

The auxiliary equation of y” + 9y = 0 is r2 + 9 = 0 whose roots are
r = £3¢. Therefore, the general solution of the given differential equation is

Ye = €1 €08 3T + co 8in 3x
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Since G(z) = e~%* is an exponential function, we seek a particular solution
of an exponential function as well:

yp = Ae ¥ =y = —24e” =y = 4Ae ¥

Substituting these into the differential equation, we get

A1 11
- Yp = 13¢20

€2 g2 13
Thus the general solution of the given differential equation is

=Y. = 3 in 3
Y =Y+ Yp = €1 COS3T + Co 81N $+13e2$

y'—dy=ce"cosz, y(0)=1,  y'(0)=2 (8)

The auxiliary equation of y” + 4y = 0 is 7> + 4 = 0 whose roots are
r = £+2i. Therefore, the general solution of the given differential equation is

Ye = €1 COS 22 + co 8in 2

We seek a particular solution of the form y, = e*(Asinxz + Bcosx).
Substituting this into the given differential equation we get

2¢"(Acosz — Bsinx) + 4e”(Asinz + Bcosz) = €° cos

2A+4B =1 A=0.1
—
4A—-2B =0 B =02

Thus the general solution of the given differential equation is

Y=Y+ Yp = 1c082x + casin 2z + ¢”(0.1sinz + 0.2 cos )
= 1 = 2¢y cos 2z — 2¢; sin 2x + €*(0.3 cosx — 0.1sin x)

From y(0) = 1 we obtain ¢; = 0.8 and from y'(0) = 2 we have ¢; = 0.85.
Thus the solution of the initial-value problem is

y = 0.8 cos 2z + 0.85sin 2z + ¢”(0.1sinz + 0.2 cos )

y' =y =we”,  y(0)=2, y(0)=1 (9)
The auxiliary equation of 3’ —y' = 0 is > —r = 0 with roots » = 0, 1. So
the solution of the complementary equation is

Yo = €1 + c2€”
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Base on instinct, we seek a particular solution of the form y, = (A+x)e”.
Substituting this into the given differential equation we get

-3
24+A+z)e+(1+A+2)e" =2e" <= 3+24=0 < AZ?

Thus the general solution of the given differential equation is

X 3 X X
Y="Yc+Yp=C1+ e +(l’—§)€ :cl—i—(x—I—C)e

=y =(x+C+1)"

From ¢'(0) = 1 we get C' = 0 and from y(0) = 2 we get ¢; = 2. Hence the
solution of the initial-value problem is y = ¢; + (z + C)e*.
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