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14 Partial Derivatives

14.2 Limits et Continuity
37. Determine the set of points at which the function is continuous.
22y

fay) = Trrgr T@y) 7 (0.0

1 if (z,y) = (0,0)
By AM-GM inequality,
2|,3 2,3 2 2,3 2
20 20,2 3,2 z? |y’ x|y|>0 v Ty Y
Tty 2 3yl 3z2ly| T 222+ y? 3 T 2224y? 7 3

Since +y?/3 — 0 as y — 0, by the Squeeze Theorem,

lig f(z,) = 0 # £(0,0)

y—0

Therefore f is discontiuous at (0, 0). On R?\{0}, f is a rational function
and thus is continuous on its domain.

44. Let
0 ifyﬁOoryZar:4
f(m’y)_{l if0 <y < 2t

(a) For all paths of the form y = ma® with a <4 <= 4 —a > 0, consider
the function g(z) = |y| — 2% = |m| - |z|* — |=|*:

9(2) 20 = |m|-[a]" > |2]* = |o] < *F/|m]



()

When this condition is met, either y < 0 or y = |y| > 2%, so f(z,y) = 0.
Therefore f(z,y) =0 — 0 as (x,y) — (0,0) on

{@y)|ze [~ %/Iml, %/ml| n D}
which includes the point (0, 0) if the domain D of x +— ma® does.

It is trivial that £(0,0) = 0. Along y = /2, for x # 0,
4
r-—y==x —?:?>0 — y<at= flz,y) =1

Hence

z—0
y—0

limf(x,%) =14 f(0,0)=0

or f is discontiuous on y = x1/2 at (0, 0).

Using the same reasoning, one may also easily show that f is discontiuous
on the entire curve y = x/20.

14.3 Partial Derivatives

33.

50.

66.

Find the first partial derivatives of the function.

w = In(r + 2y + 3z)

ow 1 Ox +2y+32) 1
a_x_:zc—l—Qy—i—Bz' ox x4+ 2y+3z
ow 1 Ox+2y+32) 2
8_y_a;+2y+32. dy x4+ 2y+ 3z
ow 1 Ox +2y+32) 3
5_:13+2y+32' 0z x+2y+3z

Use implicit differentiation to find dz/0x and 0z/0y.

82 +1 9 82 lny 8z
Yo TIny =2z — = .
2 —
yz +xlny = 2* = 6x$ gi — {7 i gi
zZ+ — =22— 24— =—
Y dy 2yz dy
Find g,.

g(r,s,t) = e"sin(st) = g, = €" sin(st)

= grs = s€ co8(st) = g, = —ste” sin(st)



101. Let

(b) Find the first partial derivatives of f when (z,y) # (0,0).

o(x3y — xy o(x? + >
of ($2+y2)—( yax v) (w3y—xy‘°’)—( o v)
or (22 + 12)?
_ (@ + ) B2y — ) — 20(2’y — ay’)
(22 + 2)2

B ahy + day® — o0
- x4+ 2332y2 + y4

of _ (a® +y*)(@° = 3ay®) — 2y(2’y — xy?)
o (x2 + 42)2

2P — dahy? =yt

ozt 4 2022 4 gt

(c) Find f,, f, at (0, 0).

h30—h03
- 2102 _0
£2(0,0) = lim f(h,0) - f(0.0) :}llir%% =1lim0=0
— — —
o SO R) = f(0,0) .. 0-0
MO0 = = i T et



(d) Show that f,,(0,0) = —1 and f,,(0,0) = 1.

5
1 fx(oa h) — fx(oa 0) BT gig;% -0 T _
- T
24040
_ 1 fy(ha O) - fy(0>0) 1 Z4io+0 —0 T .
L R iy i L

(e) The result of part (d) does not contradict Clairaut’s Theorem, which only
covers the case f,, and f,, are continuous at (0, 0). Using GeoGebra we
get the second derivatives of f on R\{0} as followed:

2% + 9xty? — 9x%y?t — o8
(22 + y2)°

f;ty = fyz —

Since fiy(z,0) = 2°/2° — 1 while f,, = —y°/y® — —1 as (x,y) — (0,0)
the second derivative is discontinuous at origin.

14.6 Directional Derivatives

17. Find the directional derivative of h(r, s,t) = In(3r + 6s + 9¢) at (1, 1, 1)
in the direction of v = 41 + 12j + 6k.
From gradient of h

31+ 6j + 9k i j k
Vh=——""—=—VAi(1,1,]) = -4+ =+ —
3r + 65+ 9¢ (1,1,1) 6+3+2
and unit vector of v .
. 2i+6j+3k
vV = — - -
7 7 7

we can compute the direction derivative as

.1 4 3 23
De(1,1,1) = VA(L1L1) ¥ = oo b o+ 7 = o

14.7 Maximum and Minimum Values

18. Find the local maximum and minimum values and saddle point(s) of
the function. If you have three-dimensional graphing software, graph the
function with a domain and viewpoint that reveal all the important aspects
of the function.

f(z,y) =sinzsiny, —T<x<m, —T<y<m



N fz:c?sxsiny
fy = sinx cosy

N fzz = fyy = —sinzsiny
fzy = fye = sinxsiny

:D:fmmfyy_ a?yzo

For f, = f, =0, either z =y = 0 or
z,y € {£m/2}. D does not indicate
if f has local extreme values at these
critical points.

It is clear that f has 2 local maximums of 1 at x = y = £+m and 2 local
minimum of -1 at x = —y = +7, since these are its absolute extreme values
as well.

Suppose f(0,0) is a local minimum. Then, by definition, f(a,b) > f(0,0) =
0 if (a,b) is sufficiently close to origin (say, at most within [—m/2, 7/2]?).
However, for all a, b satisfying ab < 0, f(a,b) = sinasinb < 0, thus our
assumption is incorrect. Similarly, f does not has a local maximum at origin
because

Va,b € [— q tab >0, f(a,b) =sinasinb > 0 = f(0,0)

T
272

Therefore (0, 0) is a saddle point.
35. Find the absolute extreme values of f(z,y) = 223 + y* on the unit disc.
The critical points of f occur when

fo=f=0 ¢ 62°=4y"=0 < r=y=0

at which f(x,y) = f(0,0) = 0.
On the unit circle, as y?> = 1 — 22, let

g(z) = f(z,y) =22° + (1 — 2°)* = 2" + 22° — 22° + 1

Within [—1,1], ¢'(z) = 42® + 62% — 42 = 0 if and only if z = 0 or z = 0.5,
Since g(—1) = =2, g(0) = 1, g(0.5) = 0.8125 and g(1) = 2, the absolute
minimum and maximum of g on [—1,1] are respectively g(—1) = —2 and
g(1) =2.

Thus on the boundary, the minimum value of f is -2 at (—1,41) and the
maximum value is 2 at (1,+1).



46. Find the dimensions of the box with volume 1000 cm? that has minimal
surface area.

Let the dimensions of the box be z,y, 2z in dm, x,y, z are positive and
xyz = 1. Total surface area of the box would then be

S(z,y,2z) = 2zxy + 2yz + 2zx

By AM-GM inequality,

S(z,y,2) >2-3/xy-yz-zx =6

Thus S has its absolute minumum of 6 at xt =y = 2z = 1.
53. If the length of the diagonal of a rectangular box must be L, what is the
largest possible volume?

Let the dimensions of the box be three positive numbers z, v, z, 2% +y% +
2?> = L2. The volume of the box would then be V(x,y, z) = zyz. By AM-GM

inequality, SRS
Tty +z
Vz,y,z) = /x2y?22 < —5 =3

Thus V has its absolute maximum of L?/3 at + =y = z = L//3.

14.8 Lagrange Multipliers

12. Use Lagrange multipliers to find the maximum and minimum values of
flx,y, 2) = 2* + y* + 2% subject to g(z,y,2) = 2? + y> + 2% = 1.
Extreme values of f occur when

Vf=\Vyg — (43 4y3,423) = \(21,2y,22) # 0
g($7y72):1 $2+y2+22:1

1. For A\=2/3, 2?2 =y? = 22 = 1/3 = f(z,y, 2).

2. For A = 1 and (22,42,2%) € {(0,1/2,1/2),(1/2,0,1/2),(1/2,1/2,0)},
flx,y,2) =1/2.

3. For A =2 and ("L‘27y2722) € {(LO)O)a (07 17())’ (0707 1)}7 f(xaya 2) =1

Therefore, subject to the given constrain, f has absolute maximum of 1
and minimum of 1/3.



42. Find the maximum and minimum volumes of a rectangular box whose
surface area is 1500 cm? and whose total edge length is 200 cm.

Let the dimensions of the box be x,y, z in dm, with x,y, z are positive,
2xy + 2yz + 2zx = 15 and 4x + 4y + 4z = 20. From these constrains, we can
easily obtain x +y = 5 — z and

15 15
vy +(r+y)z=— &= zy=— —5bz+2°

2 2
Thus with 0 < 2z < 5 the volume of the box is
15
V::cyz:zg—Szz—i-TZ
whose critical points are
dVv 15 10 £ /10
— =322 102+ — =0 &= 2= """+
dz 2 6
175 + 5v/10

at which V =

On the other hand, the constrains are equivalent to

> +y?+22=10
r+y+z=>5

or the intersection of a sphere and a plane, which result in a circle C'. Hence
the range of z would be between a and b, whereas each of z = a and z = b
only has one point in common with C. Since all surfaces x? + y? + 22 = 10,
r+y+2z=0>5,2=aand z=>has x = y as their plane of symmetry, these
two points must be on x = y as well:

{2x2 t=10 {2:1:2 +(5—22)2 =10

20 +2=25 z=5—2x
622 — 20z +15=0
z=5—2x

~ 10+£+/10

o 6
5+ 410
2= ——
3
175 + 510
— V=

These are the maximum and minimum volumes of the given box.

7



15 Multiple Integrals

15.2 Interated Integrals
19. Calculate the double integral.

w/6 /3 /6
/ / zrsin(x +y)dydr = / [—x cos(x + y)]zzg/g dx
0 0 0

/6
T
:/ :U(cosx—cos <x+—)> dx
0 3
/6
—/ xcos(x—ﬁ> dx
0 3
/6
= / x d cos <a: — Z)
0 3
T\ 1™/6 /6 s
= [acsin <:L‘——)] —/ sin (x——) dx
3 0 0 3

o m\17/6
T [COS <x_ 3)]0

\/§ 1 T

2 2 12

28. Find the volume of the solid enclosed by the surface z = 1 + e sin y and
the planes x = +1, y =0, y =7 and 2z = 0.

s 1 ™
//(1+ezsiny)dxdy—/ [:c—l—exsiny]izl,l dy
0 J-1 0
T 1 )
_/ (2+<e——)smy> dy
0 e
o (2 )],
=|2x+ |- —e€e]cosy
€ 0

=27



15.3 Double Integrals over GGeneral Regions

10. Evaluate the double integral.

e Inz e
// x?’dydx:/ 2 Inzde
1 Jo 1
e 4
—/ Inzdi
1 4

41 € e 4
_ 2 nx} — x—dln:v
4 1 1 4
e .3
=et - T do
1 4
47€
i)
~ 15et +1
16

16. Set up iterated integrals for both orders of integration. Then evaluate
the double integral using the easier order and explain why it’s easier.

]:// y2e™ dA, D is bounded by y =z, y =4,2 =0
D

4 r4 4 ry
= I:/ / y2e™ dy dx :/ / y?e™ dx dy
0 Ja 0o Jo

Since y2?e® is simply an exponential function of z, it would be easier to

evaluate
y
I:/ / y2e™ dx dy
0

4
0
! zylT=Y
= [ e ay




31. Find the volume of the solid bounded by the cylinder 22 + y? = 1 and
the plane y = z in the first octant.

1 V1—z2 1 2
1-— 1
// ydydx:/ Lo =<
0 0 0 2 3

15.4 Double Integrals in Polar Coordinates

13. Evaluate the given integral by changing to polar coordinates.

1= // arctangdA,
R x

In polar coordinates,

thus

where R = {(2,y) |1 <2® +y* <4,0 <y <}

R=[1,2] x @,f}

4

r$n§rdrd9

T/A 2
= / Or drdo
0 1
w/4
= / %drde
0 2
B 32
T 64
9 |\r 17. Use a double integral to find
the area of the region inside C}
. (r — 1) + y* = 1 and outside
+ Co:22+y?=1.
1 1 In polar coordinates C; has the
—2 2 equation r = 2cosf and the equa-
1 tion of Cy is r = 1. Therefore the
given region is within 1 < r < 2cos#f,
= whereas 6 € [—m, 7.
-2 r=2cost

10



Since on [—m, 7|, 2cosf > 1 <= —7/3 < 0 < 7/3, the area of the given

region is
w/3 2cosf /3 20 _
/‘ / rmdQ—/] deos =1
w/3 —7/3 2
/3 1
:/ <2c0826—1—|——) deo
—7/3 2
/3 1
= / <cos 20 + —) do
—7/3 2

|:SII129—|-(9:| /3
—7/3
3
2 3

15.5 Applications of Double Integrals

5. Find the mass and center of mass of the lamina that occupies the region
triangular D with vertices (0, 0), (2, 1), (0, 3) and has the given density
function p(z,y) =z +v.

m://(x+y)dA
// (x +y)dydx

36— 9
_/-——ilm
o 8

=9—-3=6

11



15.6 Swurface Area

7. Find the area of the part of the hyperbolic paraboloid z = y? — 2? that
lies between the cylinders 22 + y? = 1 and 2? + y* = 4.

_ 2 2)\ 2
//\/ Ay x>)+(a<y x)) "
dy
://\/1+4x2+4y2dz4
D
2T 2
:/ /r\/l+4r200s20+47“2sin29drd0
o J1

2
:/ 1+ 4r2 dr?
1
4
:/ T 1+ 4t dt
1

1.574
. [(1 + 4t) ]
6
171.5 _ 51.5
-6

1

™

16 Vector Calculus

16.2 Line Integrals

12. Evaluate the integral, where C' is the given curve.

I:/(x2+y2+22)ds, C:x=ty=cos2t,z=sn2t,0<t<27m
c

2 dr)? dz\? dz\?
- 2 2 2 axr e =) a
[ () + (%) + (%)
2 dt dcos 2t \ dsin 2t
= t? 29t 2t dt
/0( + cos? 2t + sin? )\/<dt> +< P )+( i )

:/%(t2+1)\/§dt:8ﬂg\/§+27ﬂ/§

0

12



15. With C' is the line segment from (1, 0, 0) to (4, 1, 2), z =3t + 1, y = t,
z = 2t, whereas 0 <t < 1 and

J:/zzdx+x2dy~l—y2dz
c

U dx dy dz
= At P2 dt+ = dt
/0 TRt YTy

1
:/ (2% + 2y° + 32°) dt
01
:/ (9% + 6t + 1 + 2¢* + 12%) dt
01
:/ (23t + 6t + 1) dt
0

233 bo3s
= [—+3t2+t} = —
3 o 3

39. Find the work done by the force field F(z,y) = (x,y + 2) is moving an
object along an arch of the cycloid r(¢) = (t —sint,1 — cost), 0 < ¢ < 2.

W:/F-dr
C
2T
:/ P9y
: dt

2m dr dy
= 2) - —,— ) dt

2
:/ (t —sint,3 — cost) - (1 — cost,sint) dt
0
2
:/ (t —tcost+ 2sint) dt
0

t2 2
= [——tsint—?)cost] = 272
2 0

16.3 The Fundamental Theorem for Line Integral

19. Show that the line integral is independent from any path C' from (1, 0)
to (2, 1) and evaluate the integral.

2z x? 2z x?
Zdot (2= ) dy= [ (Zi+2yi— =] ) d(zi+yj
o x+(y ey) Y /(;(eyl+ vl eyJ) (21 + yJ)

13



Since on R2

0 2xr —2x 0 < :B2>
Yt = 22y
Oy eY ey ox ey
20 . oz
F(z,y) = PR

the function

is conservative and thus the given line integral is independent from path.
Let f be a differentiable of (z,y) that Vf = F. One function satisfying
this is )

_ 2, T
f(xvy)_y +€y

By the fundamental theorem for line integrals,

/F- dr:f(2,1)—f(1,0):%
c

e

16.4 Green’s Theorem

6. Use Green’s Theorem to evaluate the line integral along the given posi-
tively oriented rectangle with vertices (0, 0), (5, 0), (5, 2) and (0, 2).

5 2 2
/cosydx+x28inydy—/ / (ax MY 8cosy) dy dz
c 0o Jo Oz dy
5 2
—/ /(2$siny+siny)dydx
05 0
:/ (22 + 1)(1 — cos2)dx

0
=30—30cos2

12. Use Green’s Theorem to evalu-
ate the line integral along the path
C including the curve y = cosx from
(—7/2,0) to (7/2,0) and the line seg-
ment connecting these two points.

Since the curve is negatively ori-
ented, by Green’s Theorem,




/ (e +y*)dz+ (e +2%)dy
c

= — v /COSI (g(ey +2%) — ﬁ(eﬂ + y2)) dydz
—7/2J0 ox ay
—7/2

= / (2x — 2y) dy dz
0

w/2
—7/2
:/ (22 cos x — cos® x) dx
w/2
1 w/2 w/2
——/ (cos2a:+1)dx—/ 2z dsinx
—7/2 —7/2
sin2x «x . /2 s
= 4+ — —2xrsinx — 2cosx ==
4 2 /2

16.5 Curl and Divergence

This section is to aid my revision of Electromagnetism. First, on R?, we define

0 o ~0
:A— 1— k—
v ‘or +‘]8y + 0z

then the curl of vector field F = Pi+ Qj + Rk is

curlF =V x F =

e~
OF| o=
S RSN

. (OR 0Q (0P OR . (0Q OP
S 2 L S 1 e A
l((‘?y 82)+J<82 ax)+ (89(: 8@/)

If f is a function of three variables that has continuous second-order
partial derivatives, then curl(V f) = 0.
On the other hand, if curlF = 0 then F is a conservative vector field
(preconditions: P, Q and R must be partially differentiable).
Similarly, the divergence of vector field F is defined as
orP . 0Q -0R
divF =V -F=1—+)]—+k—
v e ] dy + 0z
Trivially, V - (V x F) = 0 because the terms cancel in pairs by Clairaut’s
Theorem.

15



The cool thing about operators is that they can be weirdly combined, e.g.
div(Vf) =V -Vf=V?fand V2F =V .V F.

Now we are able to write Green’s Theorem in the vector form

j{ F. dr://(curlF)-l;dA
5 s

whereas r(t) = z(t)1 + y(t)j. The outward normal vector to the contour is

d
given by n(t) = d—‘zi — d_xJ So we have the second vector form of Green’s

j{ F-ﬁdSZ//diVFdA
a8 s

16.6 Parametric Surfaces and Their Areas

Theorem.

42. Find the area of the part of the cone z = /22 4 y? that lies between the
plane y = x and the cylinder y = 2.

[ () = (),
/0 xz\/_dydx—/ (z — 2%)V2dy da

0

1
2 3 6

17 Second-Order Differential Equations

17.1 Homogeneous Linear Equations

11. Solve the differential equation.

Since the auxiliary equation 2r? + 22 — 1 = 0 has two real and distinct

roots — the general solution is

V3-—1 — 3_175

Y = c1 exp t 4 coexp

21. Solve the initial value problem.

y' — 6y + 10y =0, y(0) =2, y"(0) =3



Since the auxiliary equation 72 — 6z + 10 = 0 has two complex roots 3 £1,
the general solution is

y = e (cicosx + cosinz) =y = ¥ ((3¢; + ¢z) cosz + (3¢ — ¢1) sinx)

As y(0) = 2, ¢ = 2. Similarly, from '(0) = 3, we can obtain 3¢;

co = 3 = ¢ = 3. Thus the solution of the initial value problem is y

e3(3cosx + 2sinx).

17.2 Nonhomogeneous Linear Equations
Solve the differential equation or initial-value problem using the method
undetermined coefficients.
" / —x
y' —4y +5y=e (5)
The auxiliary equation of y” — 4y’ + 5y = 0 is r> — 4r + 5 = 0 with roots
r = 2 + 4. Hence the solution to the complementary equation is

Y. = €**(cy cos x + cysin 1)

Since G(x) = e is an exponential function, we seek a particular solution
of an exponential function as well:
Y =Ae " =y, = —Ae" =y, = Ae””

Substituting these into the differential equation, we get

1
Ae ™ —4Ae ™ +HAe P =" &= A= 10

Thus the general solution of the exponential equation is

2z :
= Y =€ C1 COST Co SIN X
Y="Yct+Yp (a1 + ¢y sinx) + 107

y' +y — 2y = x +sin2x, y(0) =1, y'(0)=0 (10)

The auxiliary equation of y” + 9" — 2y = 0 is r? + r — 2 = 0 with roots

r = —2,1. Thus the solution to the complementary equation is
Co
Ye = Clex + eTx

17



We seek a particular solution of the form

Yy, = Az + B + C cos 2z + Dsin 2z
— y]’p = A —2Csin2x + 2D cos 2x
=y, = —4C cos 2z — 4D sin 2z

Substituting these into the differential equation, we get

(—4C+2D—-2C") cos 22+ (—4D—2C'—-2D) sin 2x+A—2B—2Ax = x+sin 2z

—4C 42D —2C =0 A=—1/2

—4D—-2C -2D =1 B=-1/4
<

A—2B=0 C =-1/20

24 =1 D = —3/20

Thus the general solution of the exponential equation is

Co r 1 cos2r 3sin2x

YTRThTAC T m T T T T

1+sin2:1: 3 cos 2x
e2r 2 10 10

Since y(0) = 1 and ¢/(0) = 0,

n 1 1 1 n 13 29
CiTC — 77— == c1+cy=— = —

43 20 ; 103 ; Z130
01—202—1—0:0 61—262:1—0 Cg—g

Therefore the solution to the initial value problem is

B 29¢e* 1 xr 1 cos2x 3sin2z

30 * 3e2r 2 4 20 20

Y

17.3 Applications

3. A spring with a mass of 2 kg has damping constant 14, and a force of 6
N is required to keep the spring stretched 0.5 m beyond its natural length.
The spring is stretched 1 m beyond its natural length and then released with
zero velocity. Find the position of the mass at any time .
By Hooke’s law,
k(0.5) =6 <— k=12

18



By Newton’s second law of motion,

d?z dx
28 T 14 L2 =0
e T
Since the auxiliary equation 2r% + 14r + 12 = 0 has two real and distinct
roots r = —6, —1, the general solution is
1 c dr —c 6o
ttate T g T e W

From z(0) = 1 and 2/(0) = 0 we get

Cl—|—02:1 61:6/5
<~
—01—60220 62:—1/5
Therefore the position at any time ¢ is

6 Co

" Bel  hebt
9 First-Order Differential Equations

9.3 Separable Equations

8. Solve the differential equation.

dy e sin? @
dd  ysech

— /%dyz/sinQCOSQdG
e

— /—yde_y:/sin29d81n9

.3
> /e ydy———SH;H

1+y_C sin® 6

ev 3

19



9.5 Linear Equations

28. In a damped RL circuit, the generator supplies a voltage of E(t)
40 sin 60t volts, the inductance is 1 H, the resistance is 10 2 and I(0) = 1

df

A.

E—L— —RI=0
dt
<:>4O i 6Ot—dI+RI
LM T L
40ttt/ L RI dr
€ ' §in60t = TetR/L 4 EetR/L
40
= f/etR/Lsin6Otdt: / dIetB/L (*)

Let J = [ e!®/Lsin 60t dt,

-1
cos 60 et/ — o Cos 60t

~ 60 60
R RIL 4 eB/L o5 60t
- dsin60t — ——————
3600L / ¢ St 60
R e B/L o5 60t
= —— Pl gin60t — ——— [ sin60t det/L — — 2
3600L° OO 3600L ) Sl 60
R rir R? e/l cos 60t
= — t— _
3600L° | om0Vt = oenered 60
tR/L(RT, sin 60t — 6012 cos 60t
Hence J = < ( ls;l—}- SG00L2 cos 601) and () is equivalent to
40¢"™/* (R sin 60t — 60L cos 60t) _ [RIL
R2 + 360012
B 40R sin 60t — 2400 cos 60t n C
N R2 + 360012 etR/L
B sin 60t — 3 cos 60t C
- 5 + et/20
Since I =1att=0,
sin0) —3cosO0 C 8
=" """ O =2
5 o 5
sin60t — 3cos60t 8 —1
d thus I = 2 exp —.
an us 5 + 5 exp 20

Att=0.1,1=(sin6 —3cos6)/5+ 1.6e" /20 ~ 2.11 A.

20



